Chapter 29 Solutions
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Do the cross-product before doing the integral. ~ 01t . y
~ ol adx %
B—_( )f (% + a2)32 p¥ > X
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One of our favorite trig identities is
Divide all terms by cos? 6.
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Problem continues on next page...



Usually the calculus steps can be skipped if you use the following memorized formula:

Bstraight segment — % [Sin Gf — sin ei]

1) Here a is the distance from the point P to the segment along the L bisector.

2) Use the angles of the segment endpoints from the L bisector.

3) Tip: if you screw up the initial and final angles, no big deal. That simply switches the sign of the field.
You can correct for this by checking field direction with the right hand rule.

4) WATCH OUT: angles to the left of the L bisector are negative, while angles to the right of the L bisector
are positive. It is possible in some problems
to have both angles positive or both angles

negative. ﬁ
)
. . : : Ly L,
The perpendicular bisector determines what angle is
6 = 0°. | chose to call angles to the right of the
bisector positive. . ‘
From the picture I can see a
L, :
sinf; =sinf, = + ——— PPN\, © 2
! A/ a2 + L22 X \\ v ' Q
L AN AL
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Note: negative the angle makes sin 6, negative. P¥
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Notice both terms contribute to the field positively. This makes sense, both wire segments produce magnetic field
contributions in the same direction at P as determined by the right hand rule.

Every year someone asks:
“What happens if both angles are on the same side of the perpendicular bisector?”
Consider the figure shown at right.

The same exact process follows but now both angle as are positive S S
[ i
= ] . ; S Q” 7
A final note on the angles: The angle is zero at the perpendicular bisector. ‘ Qv
You are free to choose the sign of angles to the right or left of this 0° angle as R

long as you are consistent with signs. For example, in the previous example |
could’ve chosen to call both angles negative. What you should not do is call
one positive and the other negative. Note: If you end up with a negative
magnitude, just take the absolute value.



29.2 Spend some serious time digging into all the little nuggets in the
figures at right.

I will show an alternate style that you may prefer
on the next page....

The field created by the differential segment located on the right side of the
loop is
,uOI ds1 X7

3
e 4

The top view shows ds; = R d6 (—).

dB, =

Going from the source to the point of interest one finds
7, = —Ri + zk
Plugging into dB,
~  pol RdO (—)) x (=Ri+ zk)
db, = i (R? + z2)3/2
By looking at the symmetry in the figure, we expect only the k term should
survive upon integration. We figure out which term(s) in the cross-product
will output a k term. The only term which produces a k term comes from
j x 1. Eliminating all the rest gives
ol (*"Rd6 (=)) x (=RD)
4 o (R? + z2)3/2
Notice I switched from dB; to B = ’;—‘;TI . fozn blah blah blah. | have to do
this because my symmetry argument only holds after doing the entire

B=

integration!
- ,uOI m R%2de
F= (D | gy
~ yOI R? (2m)
B = ( )(RZ T 22)3/2
= Uol R?
B = 2(R? + z2)3/2 (_k)
For N turns we find
= uoNIR? -
B = 2(R? + z2)3/2 (_k)

Note: the magnitude at the center (z = 0) of a single loop (N = 1) is
Bol

Bcenter of single circular loop = 2R

R dg (+))

ds,

Pure Side View

Top View

Slanted Side View

k
A
- *P




The field created by an arbitrary differential segment is Slanted Side View

_ I der
dB = ﬂo

4r 13
Notice ds = R d6 (—0).
Think: current flows opposite the standard math direction (counter-clockwise)
for §. Thusthe —9. Note: § = —sinf 1+ cosf .

Going from the source to the point of interest one finds z |
7 = R(~Fpaen) + zk
Here —7,,,:» Means a unit vector directed towards the center of the circle.
—Frarn = —(cos 01+ sin @ )

Tip: rather than converting everything to Cartesian, make a wheel of pain for
cylindrical polar coordinates!

then

k\/ l Tmath

Plugging into
uol (R 6 (=8)) X (R(~Fynaen) + 2K)

5ot
d 41 r3

By looking at the symmetry in the figure, we expect only the & term should survive upon integration.
We figure out which term(s) in the cross-product will output a k term.
The only term which produces a k term comes from (—0) X (=f,000) = —k.
Eliminating all the rest gives
27 RZ do

= ( )f (R2 +22)3/2

— uoNIR?

B = 2w+ 2pr (Y




29.3 We know the total field is the vector sum of the fields produced by

each segment. ~ o -< - ! 2

Biotar = By + B, + B \
In this case, each segment produces a contribution to the total field IN THE R \.-
SAME DIRECTION (verify with right hand rule). S P
When this occurs, we may simplify the above expression and add the field %//
magnitudes instead. Pe”

Btot = Bl + BZ + B3
Notice, from symmetry in the problem, B, = B.
These wires are each exactly half of an infinite wire.

To be clear, a half-infinite wire extends from infinity to the PERPENDICULAR BISECTOR.
More on this below the final answer...

Together they produce a field magnitude equal to that of a single infinitely long wire (B; + B; = % = 0.1592 MTOI)!
1
B, = 3 of the field magntiude produced by a full circle at center
1 pel 1 pel

B, =—- -
276 2R 12 R
I I
Bior = 0.1592‘% + 0.08333’%

Bol
Btot = 0 242 T

Kol
= 0.08333 —
R

b) The magnetic field created by the wire is directed out of the page at P.

Regarding a half-infinite wire...
To see where this comes from, consider our shortcut formula
B = % [sin 8 — sin Qi]
The angles you punch in for 6, & 6; correspond to the enpoints of the wire segment you are working on.
Be sure to determine the angles relative to the perpendicular bisector!
The perpendicular bisector corresponds to 6 = 0.
If both angles are on the same side of the bisector, make both angles positive.
If angles are on opposite sides of the bisector, make one of them negative.
Since | am looking for a field magnitude in the above equation, | expect a positive result.
I could always take the absolute value of the output to ensure a positive result.
Alternatively, simply make sure your largest angle is positive and use it for ;.
For a half-infinite wire, one angle is 8, = 90° corresponding to the end of the wire segment near infinity.
The other angle is 8; = 0° corresponding to the end of the wire segment at the perpendicular bisector.



29.4 The magnitude produced by each long wire is given by the memorized result

. . . I
for long straight wires distance r away: L @ ......... a . @ 2
[ \

to this source to POI vector.
e GRAB THAT WIRE (align your right hand thumb in the direction of
current). I3
e  Curl your fingers around the wire until your hand is aligned with the
source to POl 7
e The direction your fingertips are curling indicates the direction of the
magnetic field at the POI!

_ Kol AN ,
2nr 5 N |

To get the directions, first draw a vector from source to point of interest for each a! AN ™ | T,
wire. The direction of magnetic field produced at the point of interest is always L N :

Biotat = B1 + B, + B3

- I . I
Biotar = g;—rl(cos 45° (—1) + sin 45° —])) + Holz (+ D)+ 'uorz +)
1
= ,uoll \/_,\ \/_,\ .Uolz .uo 3
total — 27_”,1 <71 + 2 J 2 (+ ) + (+ )
- \/_ ol u U
total =~ - 27°W1(+)+“(+)+"3(+)

In the problem statementwe aretold I, = I; =1 & I; = 21.
From the figure we cansee r, =v2a & , = 1, = a.

- V22D to(D) . (D)
Froet == n2a) P T on@ Y  on@

Btoml =ZERO

(+1

Nothing like a long, painful calculation that ends up being ZERQ! Physicist attempt at humor?



29.5

a) For the big half circle (the left figure) current must run to the right in the upper
straight wire segment to cause a magnetic field into the page P;.

For the small half circle (the right figure) current must run upwards in the upper
straight wire segment to cause a magnetic field into the page at P,.

b) The left wire can be thought of as two “half-infinite” straight wire plus half a
circle of radius R.

\ 4
L]

=~

- - 1 ~
B, = 2(half an infinite wire)(—k) + > (circlular wire at center)(—k)

=

In this case, all fields contribute in the same direction to the net field. When this
happens we can drop the vectors and add the magnitudes (not always the case).

o
[
e, ———— =

1
B, = 2(half an infinite wire) + > (circlular wire at center)

]

A

1
B; = (infinite wire) + > (circlular wire at center)

_ fols , 1 tal)
Y7 2nR " 2\ 2R
,uoll(l 1)
B
=R\t

B, = M(o 1592 + 0.25)

I
B, = 0. 4092%

Notice the straight wire contributes slightly less than the half circle.
The right wire has a half circle segment (of radius g) and two straight line segments.

Because the straight line segments run radially towards or away from P, they do not
contribute to the magnetic field at P,.

Obviously they contribute to the magnetic field produced at many other locations,
they simply don’t contribute to the field at P,.

1 I I
B, == (Cchlular wire at center) = 3 HORZ =0.5 %
2(3)

Notice the field at P, is stronger than the field at P; IF the same current is used.
The half circle segment of wire 2 is twice as close to the point of interest; that contribution is twice as large!!!

Question asked for ratio of currents to make mag field at the two points identical in size.
This means

I
04092&_05M
L o5 o
I, 04092

Current in case 1 must be about 22% larger to cause the same size field at the center of its half circle.



29.6 Note: for N turns, the current simply gets multiplied by N!
a) Current runs counter-clockwise in the loop.

b) I tried to split up the segments so they would be slightly easier to identify.
Note: there are many other correct ways to split up the loop as we will see
throughout the course of doing this problem. 21 R

Segments 2 & 6 will not contribute to the field at P because in those segments
current runs either radially away or towards P.

All other segments produce contributions to the magnetic field in the same
direction. Once again we can ignore the vectors and simply add field
magnitude from each segment. This will not always be the case.

By symmetry, we see the magnetic field contribution from 3 & 5 should be the
same. Furthermore, look carefully and realize segment 4 should be exactly
twice as large as either segment 3 or 5.

Note: for straight wire segments | have my handy memorized formula: 6
HoNI

na [sin 0y — sin Qi]

Bstraight segment —

Here a is the distance from the point P to the segment along the L bisector.
Use the angles of the segment endpoints from the L bisector.

Tip: if you screw up the initial and final angles, no big deal. That simply
switches the sign of the field. You can correct for this by checking field
direction with the right hand rule.

WATCH OUT: angles to the left of the L bisector are negative, while angles to - 3 2R
the right of the L bisector are positive. It is possible in some problems to have
both angles positive or both angles negative.

I will compute the field contribution from segment 3.
UoNI . .
B; = (2R [sin(45°) — sin(0°)]
toNI [V2
37 8nR |2 0}
L= fg‘;gl — 0.02814"M

_6; = 0°from 1 bisector

Finally, the field contribution from segment 1 is easy to compute: B, = %(”;’II:I) =0.25 ”"RNI.
The total field is thus

Biot = By + B, + By + B, + Bs + By
Since all contributions point in the same direction we can add magnitudes instead (not always the case).
Segments 2 & 6 do not contribute. By symmetry B; = §5 and B, = 2B,.

MoNI
Biot = B; + 4B; = 0.3626
P 2.76RB
Npy

c) The largest field contribution comes from segment 1, followed by 4, then 3 & 5 are tied. Finally 2 & 6 are tied.



29.7
a) Fortunately, this problem uses square symmetry so angles
will be 45° or 90°. See the picture at right.

Bnet - Bl + BZ

B b1
net — (S) ]

2 (\/_ ) (cos 45° (1) + sin 45° (])) +

= Kol V2 . tol
Bpor = ————| — (@ +)) | - 22
net 277,'(\/?5) 2 ( ]) 27_[5]

= Kol Hol
Brer = E(l D= _]

Enet = %(l )]

B Hol)z ( uol)
Bn”_\/<4ns + 41s

ol
Bper = %\/E

From problem statement we are given B,,,; = B and side
length s. Asks us to solve for I.
4mtsB

- V2o

b) In the figure one sees the direction is 45° below the positive x-axis.

™ =\/§S

—>
[ ~>

"Dnet



29.8
8) av2 = givesr = 2v2a

b) into the page
c) segments 2 and 4 (notice they point radially away/towards the point of interest)

d) segments 1 and 5 ARE NOT SEMI-INFINITE WIRES!!! One way is to view segments 1 and 5 as an infinite
wire MINUS the little bit in the middle or determine segment 1 (or 5) and double it. | choose to do segment 5 and

double it.
= Hol (7 (dxD) x (=xi - aj)
> 4m ), (x2 + a?)3/2
- ,uoIa ~ [ dx
Bs = (_k)f_ (x% + a?)3/2

sin 9]

Uola

—()[

Bs = % (—k)[sin 0 — sin 6]

In this case remember that all angles must be referenced to the perpendicular bisector!

Therefore we find

= lloI - o1 _ Mol Ve
B k) [sin90° — sin 45°] = yy (1 )( k)

Don’t forget §1 = ES.

Lastly B; = 4Barcle = %‘;—OTI. Watch out...the radius of the circle is r...not a!!! From part a recall r = 2+/2a.

Also, by some right hand rule one sees B, points in the same direction as B, & Bs.
This allows us to add the magnitudes of the field.
Putting it all together and plugging in all numbers to a calculator

I
Brotas = Bs + 2Bs = 0.0908’%



29.9

a) In each case the circular arc closest to the point (smallest radius) will be the dominant contributor to the magnetic
field. Using the right hand rule tells us the directions of the mag fields at each black dot are

CASE 1 CASE 2

CASE 3

Into the page (—k) | Out of the page (+k)

Into the page (—k)

b) In each case the straight line segments carry current either radially towards or away from the black dot. The
straight line segments thus do not contribute to the mag field at the black dot. Furthermore, in each case we can add

(or subtract) the circular segments to determine the total mag field. The magnetic field of a full circle is ’;—"rl See

work below. I'm assuming i to the right, j up, and k out of the page.

CASE 1 CASE 2 CASE 3
PG| B | Bees( Y
e =" (3) (52 e =" () (L4 ) = () (<11 1)
e ) Q| A=)
B =22 (55) (-0 5 =2 (D)@ B =2 (2) (1)

b) Notice the magnitudes of the fields are now easily ranked by the colored fractions.

Converting to decimals makes it even easier to rank the field magnitudes.
B; < B, < B,




29.10 Part a) | actually ended up drawing the field created by wire 1 in blue and the field created by wire 2 in green.
To reduce clutter, | made the green lines mostly transparent.

® ® X ®|e
® & @@ ® | e .,
® ® @@ ® | e

Y
X

Part b) The force exerted by mag field 1 on wire 2 is directed TO THE LEFT.

Part c) As long as x « L, we may assume our wires are infinitely long.
Assuming this is true, current 1 creates a field at wire 2’s position (distance x from wire 1)
Uoly

L=
21X

The force exerted by wire 1 on wire 2 is thus
Fiona = i3L,B,

. Uoiq
Fionz = i3, (E)
HoiqizL
Fion2 = 21X

It’s common to express this result as force per unit length (exerted by wire 1 on wire 2):
Fionz _ Holily
L 2mx
Note: if x is large, usually the fields are too weak to cause any significant force anyways.
Again, this problem usually only matters in real-world applications when x « L.

Part d) Doubling either current doubles the size of the force.
Reversing either current direction reverses the direction of the force.

Part e) Like currents attract; like charges repel. Video of wires connected to car battery (no additional resistance).
An interesting way to look at it: consider the two magnetic field patterns produce above.

If the wires are attracted to each other (and could somehow overlap), notice the field patterns would be identical.
This is analogous to bar magnets trying to line up their magnetic fields by snapping north pole to south pole!

Part f) 3.65 mN (to the right on wire 1, to the left on wire 2).
Note: technically the question asked for force (not force magnitude).
As such you should specify both magnitude and direction.

Curious about high power transmission lines? | started googling around and found some extremely boring
technical leaflets and websites. One stated the smallest spacing they ever used was about x = 8 ft = 2.4 m.
Another site stated the metal supports are perhaps L = 700 ft = 210 m apart.

Another website stated typical transmission currents average less than 1000 A.

I punched in some numbers and found a tiny force of about 20 N on that massive cable.

THINK: the weight of a 700 ft long cable (or wind forces from a slight breeze) easily dwarf this magnetic force.


https://www.youtube.com/watch?v=0OxHKi_MLV8&list=PLBQTyyPKj9Wafg6mjd_LQimg8ugkar9i8&index=20

29.11 By symmetry one expects the net force to be zero. Consider the force on the o
horizontal wire due to the current in the vertical wire. The field will point into the
page on one side and out of the page on the other side. Even though the B-field
gets weaker, it will weaken symmetrically on each side. On the right half of the «
wire a next force will point upwards while on the left half a net force will point

downwards. Notice that while there is no net force, there is a net torque that would T Z

tend to align the two wires! This makes me the case of long parallel wires running

current in the same direction that were attracted to each other...

To get the force on the left half of the horizontal wire:
L/2

Fieft hatp = f 1d5 X By
0

Here B,,, is caused by the vertically oriented wire while we are integrating over the
length of the horizontal wire. In the end we can consider infinitely long wires by -
letting L—o. One might INCORRECTLY think the following is reasonable:

. o opol oAy weI? (MPdx  wel? | LJ2
Fieft haif =1f0 XmXﬂ(—k == ]fo ~ T o ]lnT= UNDEFINED!

Of course, here is where the mathematical model fails a reality check. It would seem that the point where the two
wires touch would contribute an infinite amount of force. In reality, the two wires would probably be covered with
some insulator of some sort. The wires could not be infinitely thin. As such, at the point where the two wires touch
the horizontal wire is actually displaced in the positive z-direction ever so slightly. In doing this, at the point where
the two wires touch the magnetic field is actually parallel to the horizontal wire and contributes absolutely no force!
Very counterintuitive!

To solve this, I would view the system from the top and create a polar coordinate system (see figure below...note I
used this coordinate system so we could still use the standard definition of 8). You need to include an angle as well
as the diameter of the wires in your calculation. Also, it would still be only an approximation...

<

.UOI é

----------- 5 2nr
diameter = /

R tol? (1% dx(ix @)
Fieft hatr = o f (x% + d2)1/?

_ da
(x2+d2)1/2

. . . - . ~ . N ~ a X N
which still needs work before integrating since 8 = — sin 87 + cos 6] = bt i)

Don’t forget...this is only approximate! How brutally delicious!



29.12

a) Mag field created by wire points into the page at location of ball. For a ball falling down, we expect
downward velocity. RHR gives force on ball to the right. HOWEVER, at the instant after the ball is released
velocity is essentially zero so one wouldn’t expect much deflection at all.

b) Instead of being released from rest, the charge was thrown with initial speed vo. If the charge is thrown into (or
out of) the page (+k) there is no initial magnetic force.

c)
y U =1vycos01+ vysinf1i
FBD ;

= _ Mo £

B=—(—k
Xy 7 O

z CoulddoF, = qv x B
y
Or recognize Fz = qu,B sin 90 in a direction that
« — _ — X is 90° from vo. Either way you should end up
F=gqgvx with:
b4
N v,B voB
a= % sin9i+(q . cosG—g)j
m
X
>< X % mg quoB)? 2g9qvoB
a= (—) +g? —————cos@
m m
where B = £l Nasty.
2mx

d) What would the path of travel would look like? The magnetic field will not be constant unless the particle is
moving vertically. Unfortunately, even when the particle moves vertically for an instant, it will be deflected from
vertical and not experience a constant field. As such, this particle will definitely not have a constant force (even if
gravity is negligible). To solve this one would need to derive the position as a function of time. To do this, one
would need some serious diff eqt’n skills. This is because you find:
d?(x) quoB
dt2 m

quoB

a= sin9i+( cos@—g)j

where both B and &depend on x. 1 don’t how this would work out off the top of my head. I think there might even
be various wildly different answers based on the field strength and the initial speed...I have no clue! Create me a
time machine and I’1l work on this when I am really old and come back to give you the answers. Then again, clearly

you didn’t get the time machine done...thanks for nothing.

Best method: code it.




29.13

b)

d)

The segments farthest from point P should
contribute the least, segments 1 & 2 in this
case.

Segments 3 & 4 both produce contributions
INTO the page at P. Since these are the
dominant contributions, the net field points
into the page at P.

My guess: | think the contribution from
segment 4 should be slightly larger than the
contribution from segment 3...but I bet it is
very close.

| sketched the angles for segment 3 in blue.
Notice | had to extend the wire to find the
perpendicular bisector.

3d+d sin 60°
0, = tan_l (7
f d cos 60°

) ~ 82.63°

ol

B; x ——————
3~ 4n(d cos 60°)

[sin 82.63° — sin 60°]
I
By ~ 0.02001’%

| sketched the angles for segment 4 in red.
Notice | had to extend the wire to find the
perpendicular bisector. Notice the
perpendicular distance is not the same!

2d + d sin 30°

0, =t ‘1<
s an d cos 30°

) ~ 70.89°
ol

B, ¥~ —————[sin 70.89° — sin 30°
* ™ 41(d cos 30°) [sin sin 30°]

ol

B, ~ 0.04088
4 d

Evidently it wasn’t that close...

Solution continues on the next page...

— 2d

A 4

3
3d + dsin60° = (3 + g) d = 3.866d

[
Y
_dsin60° 8%

d cos 6()°

N
,6'\/

d sin 30°

d cos 30°

— 2d + dsin30° = 2.5d



e) | expected the other segments to be negligible...to be sure | compute their contributions.

The net field from segments 3 & 4 is
- ol ~
Ba, ~ —0.06089 -k

where I’m assuming a standard coordinate system with out of the page equivalent to k.
Why am | suddenly writing the field vector (instead of field magnitude)?

Because the contributions from segments 1 & 2 point the opposite direction!
When P is inside a loop, each segment produces a field contribution in the same direction.
When P is outside a loop, opposite segments produce field contributions in the opposite directions.

For segment 1 you can show
3d + d sin 60°

— -1
Oy = tan <2d ¥ dsin30°

) ~ 57.11°

Hol

A

3
3d+dsin60°=<3 +§)dz 3.866d

B, ~ in57.11° — sin(19.11°
L~ Gnd + dsin30%) " sin( i

_ I
B, ~ 0.01631’%k

For segment 2 you can show 4
2d + d sin 30°

— tan—1
Oy = tan (3d+dsin60°

) ~ 32.89°

Hol

A

B, [sin 32.89° — sin(7.37°)]

~ 4n(3d + d sin 60°)

R o e
B, ~ 0.00854%k
The combined field from segments 1 & 2 is
- ol ~
B, = +0.024857k
The percent change to the field MAGNITUDE B, is

AB
%AB = ——3%

X 100%

34

_B12

%AB = B

X 100%
34

_ Mol
0.00854 5

Kol
0.06089 d

%AB ~ —41%
Clearly the other segments should NOT be considered negligible.

%AB = X 100%

pPST =.0€UIsp + pg



29.14
a) See the derivation in problem 29.1. The field at P is

_ Hol 2 n 2
4md 5 L2 5 12
dz + T d?z + Z
IL
p—_ Hot%
LZ
4nd dz + T
b) We are asked to find a value for L such that
B =0.99B, straight
IL I
Ho = 0.99 2

LZ_ T 2nd
41td d2+T
L
— =099
2 L2
Z/d +7
L—099 d2+L2
2 4

L? L?
— =0.9801 (dz + —)
4
L

Now square both sides.

4

1 2
LZ — 2 —
4(0.9801) " +7

2 2 2
0.9801L =4d+ L

1
< 1) L? = 4d?

0.9801
L= i d?
09801 1
L 4 d
1y
0.9801
L ~ 14.04d

Another interpretation of this:
Suppose you are distance d from a long straight wire.
Points on the wire more than 7d from the perpendicular bisector produce negligible contributions to the

field (compared to contributions from points on the wire near the perpendicular bisector).



29.15 B on axis through centroid of equilateral triangle

TOP VIEW

First consider the top view shown in the upper figure at right. 1 will call
the distance from the center of an edge to the centroid h. From a corner
to the centroid will be d. Note: because this is an equilateral triangle,
we know the angle 30° shown in the figure. Using SOH CAH TOA we
find

tan30° = —
an /2

stan 30° S

2 2V/3

Now consider the triangular loop of wire carrying current | shown in the

. . . . . . SIDE VIEW
side view (lower figure at right). We are going to use the Biot-Savart
law to compute the magnetic field at some point on the z-axis. The loop k
lies in the xy-plane. The z-axis runs through the centroid of the '
triangle. The point of interest is distance z above the xy-plane. A

We will start by using the tiny segment of wire indicated by the little
black rectangle distance y from the x-axis. The vector from the
segment to the point of interest is thus

7 =—hi—yj+zk

r=4h?+y2%+2z2 |
If current runs +7 in this segment we expect ds = dyj.
Using the Biot-Savart law on this segment gives
B pol (Fds x#

seg 1= 47_[ ; rz
~ Mol (Tdsx¥
segl — EJL 73

- _ Hol *s/2 (dyf) x (—hi — yj + zk)

Bseg1 = An 52 (h? + y2 + 2z2)3/2
Notice the j x j terms will drop. If we consider the symmetry of all three segments of the wire, we expect the final
result should be entirely in the k. Using this symmetry we can ignore the j x k term as well!!! Therefore

= ol [+ (dyj) X (=hi)

B =
seg 1z AT _s/2 (hz + yz + 22)3/2

The distance is thus

~>

_ Mol . N s hdy
Bseg 1z = E(]) x (=0 o2 (h? + y2 + z2)3/2
Brog1r =201 f/ hdy
seg 1z AT /2 (hz + yz + 22)3/2

It is worth checking the expected direction with a right hand rule. | confirmed it should be +k. Lastly, we know
there are three segments which produce equal contribution in the +k direction. The total field produced is thus
3u,l z J*S/z h dy

41 52 (B2 +y? +22)3/2

B= 3§seg 1z =

From here the integral is doable but a bit ugly.
More on the next page...



First note that both h and z are constants for the integral. To clean things up I choose to let
2 _ K2 2
a“=h"+z
Also, because the integral is an even function with symmetric limits we can cut the limits in half and multiply by
two. We now have

~ 6uglh . 512 dy
5= f 0% + a2
— 3uglh . (5/? dy
B=—n f 0% + a2

An integral table gives me

J‘ dx _ x
G2 +a) gt @2
This gives
-B‘ _ 3.“01h]'e [ Y o2
2 [VZ + a2
T aZ yZ + aZ 0
—~  3uglh s/2 ~
B = Ho / i
2 [s2
a? 7zt a?
2
Now some the ugly part. Recall from the very beginning h = % This gives a? = i—z + z2. Plugging in this
garbage gives
S
i)
~ s/2 ~
F=— 23 / R

2 52 S2 52
= 2 i = 2
(12+z) 4+(12+z>
Cleaning up all that crap gives the final result
V3uol s? -

k
8m /g2 X [52 R
(ﬁ +z ) 3T +z
We have already checked the direction. Is there another way to check this result? | can check in several ways.
1) Always check the units. We expect results for B should have Uol on top and meters on bottom. Check!
2) Consider the result if z = 0. This is a much simpler problem. You should be able to do this one for an
9 uol

exam. | did this check and the results agreed. B,_, = P

3) For large values of z (z >» s) the magnetic field should be given by B~ ‘2‘—;’”% where i = 1A is the

B =

— 2
magnetic moment of the loop. 1 did this check and the results agreed. B, = V3 pols

8 23
4) | was able to dig around and find the result for a square loop of wire. This result was

— I s?

Bsquare= 2T /g2 ] \[ﬁk
(T—}_Z) 7+Z

I notice this result has a similar form.




29.15% It is easier to label large figures...make yours large.
Segments are labeled in the figure shown at right.

SEGMENT 2
Segment 2 produces no contribution since current in segment
2 runs radially towards the point of interest. 1 @
SEGMENT 3 ®
From the original figure, we know the circular arc comprises
z:g = gof an entire circle. Direction from riqht hand rule.

= 2wl

By==—k=~0. 10610—k

73 2mr

SEGMENT 1

First I determine the perpendicular bisector distance as

r 300 r
a = 5cos =—
3 23
Now use @

Mol

<2x/_ )

Since both angles 8; & 6, lie on the same side of the perpendicular bisector they should use the same sign.
Since | want field magnitude, | should make both angles negative (or absolute value the result to get a magnitude).

B, = (sm 0 — sin Hi)

Mol . o . o
B, = [sin(—60°) — sin(—90°)]
"(zm)
~ 3 I
B, = 4:: ~ (0.13783 ,u% k  direction from right hand rule

SEGMENT 4
First | determine the perpendicular bisector distance as
r
= 60° = —
a T COS 2

Now use
Uol

4 (3)

Since both angles 6; & 6, lie on the same side of the perpendicular bisector they should use the same sign.
Since | want field magnitude, | should make both angles negative (or absolute value the result to get a magnitude).

B, = (sinf; —sin@;)

I
B, = L[sm( 30°) — sin(—90°)]
4 (3)
B,=(2-3) Z;; -k) ~o. 021320 —k)  direction from right hand rule

Recall we were told Et,,m, = Bk. From this one finds
- _ I
Bk =B, +Bs+B, ~ 0.2226ﬂ%k

I~=4.49 r
" moB



29.16
Consider a small slice of the solenoid as a coil.
The general result for the field created by a coil is
R uoN A%
Beoi = 267 + 222
Here z, is distance from the center of the coil (along the axis of the coil).
Watch out! Here N, is the number of turns in the coil (not the solenoid).

In the problem statement, we defined z as the distance from the center of the solenoid.
We also stated the solenoid had N turns.
Please notice the distinctions between z & z. and N & N..

Esolenoid = the sum of all the small Ecoil contributions
_ o
Bsolenoid = J dBcoil
i

) T poNIr?
Bsotenoia = fl 267 + 222
Perhaps you are wondering where the differential is hiding?
Consider the number of turns in the coil.

Our particular coil is some tiny thickness dz..

We know the solenoid uses n = %turns per unit length.

Therefore
N, =ndz,
L
5 J”E uonlridz, .

solenoid Z_% z(rz +ZCZ)3/2
~ L

5 uonlrzkf“i dz,

solenoid 2 27% (rz + Zc2)3/2

From the integral table one finds

L
~ 4L
_ uondr?k Z. 2
Bsotenoia = 5
r

L
2
Notice the bold r? in the numerator out front and the denominator inside the parentheses will cancel!

L L
_ _ onl z+5 B z—35 -

B iq = k
B O O |

WATCH OUT! This equation was derived using

_ UoN Ir?

Beoy = 262 + 222
This formula for the coil is only valid along the axis of the coil!
As such, our solenoid formula is only valid along the axis of the solenoid.




29.17
In part a we are asked to rank the magnitudes of the net external field at wire A caused by the other two wires.
First get the direction of ach contribution using a right hand rule:
1. Point your right thumb in direction of current
2. Fingers or right hand curl around the wire in the direction of B).
Note: recall the field magnitude for an INFINITE straight wire is
Hol

2nr
This implies wires farther away produce smaller field contributions.

Boo straight wire =

My pictures below show the NET field at each wire A in purple.

B, > B; > B,
{
d D d D Boner ®
® A © ® © A
’ A
BlNET D

BBNET

In part b we determine direction of force on wire A caused by the net field produced by the other two wires.
Since all wires are nearly infinite, Eext to wire A has uniform magnitude & direction at every point along wire A.
When this is true:

Fonwire oA = Iwire ALwire A X Bext

To get the direction of this cross-product, use the following right hand rule:
1. Align the fingers of your right hand in the direction of the current I, 4.
2. Curl your fingers to the direction of the external field B,
3. Thumb points in the direction of the force.

Fon wire A

—_

F ,;, wire A points up & to the left, slightly closer to the vertical axis.




29.18
a) The loops each carry the same current.
The field produced by a coil has magnitude
UoNIT?
Beoir = 202 + 202
At the origin we may set z = 0 giving
_ il
coil — 2
Here | assumed each loop has N = 1 unless otherwise specified.
The smaller loop produces a larger field vector at the origin.
It is impossible for these two field vectors to completely cancel each other because they have different
magnitudes!
b) Using the figures at right | found
B, = %(sin@i+ cos 0 k)

Slanted side view

k
= Mol
Bz _— E(k) /,]A
Busr = By + B,

- Ul (1 . 1 1\~
BNET=T{—sm61+<—c059+—>k}

a, a, a
Note: in part c we were asked to plot field MAGNITUDE! Pure side view
To keep it all on the same page in the sol’ns, I’ll get magnitude now. . ik §1
B,
wl 11 N2 /1 142
Bygr = — (—sm 9) + <—COS 0+ —)
2 a, a, a,
2 2 2 A
Uol 1 1 1 2 -1
Bygr = TN <a—151n 9) + <a—1cos 9) + (a_2> + wa, cosf
Ul (1 1
B = —+—=+ cos 6

(47‘[ x 1077 TTm) (5.00 A) 1 1 2
B =
NET 2

- J(o.12 my2 T 015 m)2 T (012 m)(0.15 m) °*?

Bygr = (3.142 x 107%v/113.9 + 111. 1 cos ) in units of T

Solution continues on the next page...



c)

d)

We are asked to make a plot of field magnitude versus angle.

Notice the magnitude of the net field never drops completely to zero.

The field magnitude does reach a minimum at 180°. This makes sense.
When the smaller loop is inverted the two field directions are in opposition.

Byer (MT)
50.00 r

40.00

30.00

20.00

10.00

0.00 1 1 1 1 1 1 1 |9(deg)
0 45 90 135 180 225 270 315 360

We are asked which angles cause maximum/minimum torque on the loop.

I find the following equation is helpful when considering torques on loops.
T=f[x Eext

Recall fi points in the direction of the area vector of the loop.

No torque occurs when i (from loop 1) & §ext (caused by loop 2) are parallel (or anti-parallel)!
We expect zero torque when 8 = 0° & 180°.

We expect torque (magnitude) is largest when Eext (caused by loop 2) is perpendicular to /.

We expect torque (magnitude) is largest when Eext (caused by loop 2) is in the plane of the loop.
We expect maximum torque (magnitude) when 8 = 90° & 270°.



29.19 e

a) Use the superposition principle to sum the fields created
by each ring. z=0
Btotal = Bl + EZ :
Recall the magnetic field (magnitude) produced by a
current-carrying coil is

BCOil - 2(7"2 + Z)3/2

_ PoNIT?
In this formula, z is the distance from the center of the j

coil. To add the fields of our two coils together, we must ' : ,
. . d d . ! A I -
consider using z; = z + 3 &z, =27~— 5 as shown in the i
figure at right.
5 _ WNIr? UoNIT? 7
LT o +22)3/2 7 T 2(r2 + 22)3/2
~ pNIr?k 1 1
fotal = 2 (r? + z7)3/2 * (r2 4 z5)3/2
_ uoNIT2k 1 1
Btotal - 2 5 3/2 + 5 3/2
d
t<r2+(7+z)> (r2+(2—z)> )
b) When one sets d = r one finds
R uoNIr*k 1 1
total — 2

(e Gea)) (e G))

I suppose you could leave it as is, but I notice I can factor out an r3 from the denominators...

_ UoNIT*k 1 1
total = 2 1 22 3/2 + 1 2. 3/2
(Tz“z(zﬁ)) (””2(2—5))
- UoNIT*k 1 1
Biotar = +
2 2 3/2 2 3/2
(0 Ged) (G-
_ uoNIk 1 1
total = 2 2. 3/2 + 2.3/2
' (1+(1+5) 1+(1—5)
2'r 2 r
~ NIk 1 1
Btotal_ 2 E+g+ﬁ3/2+ E_Z-I_ﬁ?’/z
4 'r r 4 r  r2

Not much better, but perhaps slightly easier to work with.
Solution continues on next page...




c) Atthe origin we set z = 0 to find
_ uoNIk| 1 1
total =
2r 5 3/2 5
@ @

- 4\3'? uoNIk
total = (g) r

3/2

d) 1 will take the derivative using the formula

~  uNIr?k 1 1
total =77 {(rz @+ G- 2)2)3/2}
d . pNIrk d 1 1
dz et =73 E{(rz T@+ ) T+ (- 2)2)3/2}
d NIr?k (d d
B = 0 4 @+ 2D (7 + (A - )
d NIr?k( 3 d 3 d
3B = {(=5) 07 @ 0 F (T ) 4 (=5) 07 -0 (-2
d Nir?k (s 3 3
B =2 (<2) 07 + @+ 2D E@@ + DD + (—5) 02 + (@ - D) E@) @ - (D)
d - ,LtON[T'ZIAC{ -3(d + 2) +3(d — 2) }
E total = 2 5 + 5
(r2+(d+2)?)2z2 (@2+(d-2)?)2

Now we can set z = 0 to find

d uoNIr2k —3d +3d
EBtotal = 2 5 + 5
(rz2+d?)7z (r2+d?»)2
d -
EBtotal =0

2=

-
Going further: if you are particularly masochistic, you can discover % =0& % =0 WHEN d = R!!!

Why care? These results show B, is extremely uniform inside Helmholtz coils (midway between the coils).
Helmholtz coils can produce somewhat strong fields that are nearly uniform while also making it easy to access the

region of magnetic field. It is also easy to vary the size of the field (by varying the current delivered to the coils).

Helmholtz coils are useful for doing experiments which require a uniform external magnetic field.



29.20
a)

b)

The long straight wire is the source of Eext for the rectangular loop.
The magnitude of the field created by the straight wire is

ol
Beyt = % @

Two alternative solutions are provided below this first solution: I

where r = y is distance from the straight wire (for this case). 4
Using the right hand rule for straight wires gives the direction. @
- ol ~ 2
Boye =—k
ext 27'[_’)/ @ 3

One expects the force on segments 2 & 4 to be of equal size but opposite

directions (regardless of current direction in the loop).

We expect the forces on segments 1 & 3 to also be in opposite directions.

HOWEVER we expect the force on segment 1 to be stronger than the force on segment 3.
This is because the field is stronger at segment 1°s position.

Since we are told the net force on the loop is upwards, we know the force on

flow in the loop) causes an upwards force on segment 1.

segment 1 must be upwards J
I can now use trial and error on segment 1 to figure out which direction (for current T

I tried both clockwise and counter-clockwise loop currents.
Current in the loop must flow COUNTER-clockwise.

Alternative solution 1:

Magnetic fields produced by currents tend to align themselves with each other.
The magnetic field produced by the loop points either into or out of the page (at
every point in the plane of the figure).

Since we are told the loop is attracted to the straight wire, we know it must be
producing a field oriented the same direction as the long straight wire.

This occurs when current in the loop flows COUNTER-clockwise.

Alternative solution 2:

Segment 1 is the closet to the long straight wire, we know the force on it dominates the force on the loop.
Therefore, we need the force on segment 1 to point upwards.

We know like charges repel...but like currents attract.

This implies current in the loop flows COUNTER-clockwise.

There is zero torque on the loop.
The force on each segment points away from the center of the loop.
The loop is under tension.

Solution continues on the next page...




c) All of segment 1 is distance y = d from the straight wire.

This implies
- ol -~
Bex = <2nd k)
Notice B,,, is uniform along the entire length of segment 1.
We don’t need to integrate to find the force.
Fon1 = Iloole X Bext
I'm assuming the longer dimension of the loop in the figure implies length 2d.
= N Mol ~
Fop = I(—Zdl) X <mk>

= Hol” |
Fon1: T J

Segment 3 is twice as far from the wire which cuts Em by a factor of 2 (direction of Eext unchanged).
The current runs the other direction (which flips the force direction).

= Bol”
Fopnp = — 2
w

For segment 2 one uses

T

y=2d .
on2 = f dS X Byt
y=d

o= [ @iy x (225
y=d 27'Cy

_ uol?

Fonz ~ 0.347 i

Finally, one expects the force on segment 4 should be equal in size, but opposite in direction to, the force

on segment 2.
_ I?
F,.u~ 03472

i

Note: a student suggested this integral should actually be
- y:_d —_
Fonz = f ds X Beyt
y=-2d

When working the integral out this way one gets ln% instead of In 2.

While at first glance this seems to cause serious problems, keep in mind ln% =In27'=—-In2.

Doing the integral this way implies a sign flip which could always be checked using a right hand rule...



29.20% Consider the augmented figure shown below.

a) | used the right hand rule to determine the direction of the positive z-axis.
I curl my fingers in the direction of current to determine the direction of the magnetic moment vector.
Notice that at all points in the plane of the loop, if you look very carefully at each iron filing, every magnetic field
vector is pointing in the —k direction.
How can I tell the difference between +k? I can’t...but I know the right hand rule for the direction of B at the
center of a coil and | use that to determine the direction.
b) For a flat surface, we are free to choose the either direction perpendicular to the surface. To me it makes the most
sense to say the area vector of the loop points the same direction as the magnetic moment vector (in this case —k).
c) Magnetic flux is non-zero since

1) B & 4 point the same way and

2)®;=[F -dA=[Bcosfy, dA
IfB &A point the same way the angle 65, = 0° which implies cos 65, = 1. The integral should turn out non-zero.




29.21

a) With respect to angle, max mag flux occurs when the loop area vector and §ext point in the same direction.
This occurs for cases 1 & 2.

Because B,,, gets weaker farther from the straight wire, we expect Case 1 should have more field lines
penetrating it (compared to Case 2).

Case 1 experiences the largest magnetic flux.

b) The magnetic flux computation is
Case 1

f_ -
Dy = f By dA . dx
i

Y _

Since we have a flat loop, we are free to choose the direction of the
area vector as we see fit. For curved loops, one generally chooses
radially outwards as the surface direction. In this case, | choose to

have the area vector direction match the direction of B,,,.
c+b HoI . -
by = - k) (adx(—k
B JC ( 2mx (a x( ))

c+b la
¢B = J HO dx
c

R
®

TR ®
X

21X @) ®
_Mola |c+Db
®5 = 21 ln| c |
_ kola b |
o = > ln|1 —| b

Note: this type of calculation relates to electrical power generation.

c) If we redid the computation for Case 2 the area vector and the limits would change.

%= [ TR (b ax(-R))

2mx

_ Kolb

b
B 2

ln|1+g|
c

d) Yes, flux is zero in both of those cases!
In cases 3 & 4, I’'m assuming the center of each loop is aligned with the straight wire.
As such, these loop experience zero NET flux.
Some field lines curve into the front half of each loop, but an equal number curve out of the back half.




Problem 29.22
To determine the direction of the solenoid’s field, use the right hand rule for coils
of wire.
1. Curl the fingers of your right hand in the direction of current in the coil.
2. Thumb points in the direction of the filed created by the coil.

We know the field of the solenoid is

Bsolenoid = Honl
in the center of the solenoid.

At the end of the solenoid, we are told
1 uonl
Bext = EBsolenoid = T

Going away from the end of the solenoid, one expect the field lines to warp.
That said, at all points in the square loop, just above the end of the solenoid, | am

going to assume B, is
1. directed upwards
2. approximately constant in size

This simplifies the flux calculation immensely.
f .
by = J Byt " dA
i
I choose to orient the area vector of the flat loop in Case 1 parallel to Em.

f
g =f Bexe dA
i

® _Jf(,%m)
5=
; 2

nl (f
q)B = MO f dA
i

2

pond

B = 2 A

We are told the main diagonal of the square loop matches the diameter of the solenoid.

The main diagonal of a square loop has length sv/2 (where s is the side length of the square loop).

Therefore
S\/E =2R

2
s=—

)

A=s?
A =2R?
®g = uynlR?
For Case 2, flux is ZERO.

The are vector is perpendicular to Eext at all points within the loop.
29.22 Bonus Problem Solution continues on the next page...

Case 1

Case 2




29.22 Bonus Problem

We are asked to think about the net force and torque on each loop.

Be careful, there can only be a (magnetic) force or torque on the loop if we assume current runs in the loop.
Also, net (magnetic) force on any loop is zero if B,,, is uniform.

In this case, the magnetic field is definitely non-uniform.

This thought experiment is probably easiest to analyze by thinking about the magnetic moment /i of the loop.

If i in Case 1 is directed upwards, the field produced by the loop matches the field produced by the solenoid.
The loop is attracted to the solenoid by the magnetic force and there is zero magnetic torque.

If i in Case 1 is directed downwards, the field produced by the loop opposes the field produced by the solenoid.
The loop is repelled by the solenoid by the magnetic force and there is zero magnetic torque.

If /i in Case 2 is directed into the page, the magnetic torque on the loop should try to align ji with B,

This causes a torque in the +1i direction (axis of torque is to the right).

Note: the coil feels a slightly larger force into the page on the bottom segment than it does out of the page on the top
segment.

The net force is non-zero...but probably close to zero.

It pushes the coil’s center of mass slightly into the page.

If /i in Case 2 is directed out of the page, the magnetic torque on the loop should try to align /i with B,,,.

This causes a torque in the —i direction (axis of torque is to the left).

Note: the coil feels a slightly larger force out of the page on the bottom segment than it does into the page on the top
segment.

The net force is non-zero...but probably close to zero.

It pushes the coil’s center of mass slightly out of the page.



29.23
Case 1:
a) & b) Are shown at right. We are told current runs out of the page
(producing the B-field shown at right).

c) Notice B always points tangent to the circular path.
If we choose to travel around the circular loop in clockwise fashion,
this implies B is parallel to d5).

This implies
f f
f B-ds= f B ds
i i

All points on the loop are equidistant from the wire.

Therefore the magnitude of B is constant as we travel around the loop.

f f
deszBf ds = Bs

4 1

d) All current is enclosed.
e) The math is as follows

Bs = polenc
B2nr = pg(all of it)
B2nr = pgl

Mol
B=——
2nr

Br>R
End View of Shell

Note: we typically assume & = —sin 8 i + cos 6 j implies going counter-clockwise around a circle.

Since, in this case, the field is circling the wire counter-clockwise
— Il()I ~
B=—(+6
2nr )

Worth noting: remember r is free to vary (different Amperian loop sizes could have been chosen).

On the contrary, R is a constant (the size of the wire is not changing).

f)  Units look good.

Case 2 on the next page...



29.23 continued B,<g

Case 2: End View of Shell
a) See figure at right.

b) For a uniformly distributed current

] — Iitotal
total
[]] — [Itotal]
[Atotal]
A
Ul=—
c) Because current is uniformly distributed
] — flltotal
total
I
/= TR?

d) Consider the lower figure at right.
The goal is to compute contributions to the total current by computing how _Bf<R
. L End View of Shell
much current passes through each ring of radius 7.
Notice this ring has a cross-sectional area
dA = 2nt df

This in turns gives

Bs = .uolenc
r
Bs = ,uoj JdA
0
T
Bs = MOJO —7'[R2 2t df

2pel (7.
Bs = szordr

2uol [#2]"
Bszﬂ_
Rz |2

Holr
S = RZ
Recall, here s = 27r is the total length around the Amperian loop.

Holr?

RZ
uolr —  polr , .
ZnRz 2z (70)

B(2nr) =

The units check.
Also, notice the two formulas (from Case 1 & Case 2) match at the boundary r = R.
Remember r is free to vary (different Amperian loop sizes could have been chosen).
On the contrary, R is a constant (the size of the wire is not changing).

Solution continues on the next page...



29.23 continued
Finally, we make the graph and sketch the field around the wire.
Tip: it is much easier to make the plot by assuming the following two things:
1. Usefl—1q,
21
2. UseR=1.
If we make these assumptions, the field (magnitude) formulas become

Forr <R Forr >R
_ Halr g = bl
21R? 2nr
N Hol 1/ Hol
B=r (m units of ﬁ) B = o (m units of ﬁ)
Ei(in units of z,1/27R)
09 [ N — — — ——
A N
0.7 | e N S— S S S S—
08 |- e
R f oo — —_— ez R .
0a | — B _— ——
e T O
02 |/ R R
T T e S
0 : : : : : :
0 05 1 15 2 2.5 3 3.5 4

Sketch showing relative sizes & directions of B near the wire

A

1 (in units of R)



Ampere’s law in cylindrical symmetry shortcuts/summary
Uniform cases on this page, non-uniform on next page. Nested cylindrical shells (coax cable) to follow.

Uniform, inside shell

\
=y
'\
T
ol
i
-
1
1

Conditions Picture Equations
Br>b
End View of Shell
Bs = uglenc
/ B2mr = pg(all of it)
Uniform, outside shell ;" B2mr = uyl

‘. I

=t

2nr

Ba<r<b
Bs = uglenc

B2nr = py(some of it)

B2nr = pl (M)
ATotal

Bonr = u nr? — ma?

= Ho bh? — wa?

I (r?—a?
g = Hol
2nr \b% — a?




Conditions Picture Equations
Bs = :uolenc
. . B2nr = ll it
Non-uniform, outside shell T = po(allof it)
. B2nr = pol
For this example let B = o
- r>b b
J=ar’ End View of Shell B2nr = Ilof JdA

b
Itotal = f ]dA
a

b
delz‘f af’ (2nF di)
a

b
Itotal = ZTTCZJ- ‘FB ar

a

2na
Liotar = T (b9 - ag)

.
---»

a
b
B2nr = yof af’ 2nF df)
a

9b

B2nr = 2may, )

a

(14
zﬂ(b‘)_a‘))

9r
Note: if we eliminate a using

B

result shown in left column

Therefore
Miotar B = <M)M—O(b9 — ag)
C= 2 — a9 22(b° — a®)) or
— Iloltotal
2nr
Bs = polenc

Non-uniform, inside shell
For this example let

J=ar’

b
Liotar = f JdA
a

b
Liotal = f af” 2nF df)
a

b
Liotal = 27mf 78 d7

a

2ma
Liotar = T (bg - ag)
Therefore
_ 9Itotal
o =— o
2t(b® — a®)

Ba<r<b

End View of Shell

B2nr = py(some of it)
B2nr = pyl

-
B2nr =,uOJ JdA
a

.
B2nr = ,uOJ af’ 2nf df)
a

9|7

r
B2nr = 2mapg )

a
_ Gt
9r

Note: if we eliminate a using

B (r° —a)

result shown in left column

91
B= < total )#o ° - a%

2 (b° — a%)) 9r

_ uoltotul (1‘9 - ag)
2nr (b° —a?)




29.24
a) Current density (magnitude) for a uniform shell is given by

] — /[ltotal
total
B I
/= 7(3R)?2 — m(R)?
1
= 8mR2

b) For r < R no current is enclosed...B,..p = 0.
For r > 3R, outside the entire shell, all current is enclosed.
BS = ,uOIenc

B2mr = pg(all of it)

B2nr = pyl
_ Mol
Br>3R - 271

For R < r < 3R, the Amperian loop lies inside the shell.
When current is distributed uniformly enclosed current can be found using a
ratio of the Amperian area to the total area of the shell.

BS = .uolenc
B2mr = py(some of it)
Bomr = ,U()I <AAmperian)
ATotal
Bowr = 1l nr? — mR?
=R\ ZBRYZ —R?
B wol (1% — R?
R<r<3r = 5| TgR2

Solution continues on the next page...

Br>3R
End View of Shell

BR<7”<3R

End View of Shell




29.24c) A trick for making the plots is to set ’;—‘;: =landR = 1.
Notice our formulas become

Br<R=0

1/r*-1\ 1 1

Bucrsn =g~ ) =5(r )
1
Br>3R=;

Checking the concavity of the second term can now be easily done.
Remember, we only require the SIGN of the second derivative to determine concavity.

This term is concave down (negative 2" derivative).

B (in units of y4,1/27R)
0.35 [ i P po e p T p :

0.3
0.25
0.2
0.15
0.1

0.05

0 3 3 3 3 3 3 3 3 r (in units of R)
0 0.5 1 15 2 2.5 3 35 4

29.24d) The problem statement says current flows out of the page.
The right hand rule for straight wires helps:
1. Align right thumb with current direction (of straight wire).

2. Fingers of right hand curl around the wire in the direction of B.
Based on this info, we expect the arrows to curl around the wire going
counter-clockwise.

Using the plot above, I can estimate the relative sizes of the arrows.
My figure is shown at right.



29.25
a) Use the given current density formula to find the units

b) We know total current I relates to density using

f
sz]dA
| \ >
3R

a
r T

o N

I = 4naR
Rearranging to solve for a gives

c) We were told total currentis I.
If the Amperian loop is drawn outside of the entire wire (r > 3R):

Lenciosea =1
Kol
B,>3p = py—
If the Amperian loop is inside the central air core (r < R):

Ienciosea = 0
BT<R =0
If the Amperian loop is inside the shell (R < r < 3R):

Lenciosea =1
r

a ~ ~
Lenciosea = f F 2n7 dF)
R

N
Lenciosed = 27‘[(1[ dr
R

Ienciosea = 2ma(r — R)
To make comparing the formulas (and plotting) easier, we can use the

result of part b (a = ﬁ).

I
Lenciosea = 2T (4-7T_R> (r—R)

I
Lenclosea = ﬁ (r—R)

ol (r—R)

Brer<ar = m 2R

Solution continues on the next page...



29.25 continued

In the air core Inside the bulk of the shell Outside the shell
_ ol (r—R) — ,u_ol
BT<R =0 BR<T<3R = ﬁ . 2R Br>3R - 27rr

Verify the following:

o Does B, .z = Br<r<3zr When you plug in r = R to both formulas?
e Does B,-3z = Brer<3r When you plug in » = 3R to both formulas?

| verified it.

Now re-write these formulas using the standard trick of setting ’;—;’TI =1&R=1

In the air core Inside the bulk of the shell Outside the shell
r—-1 1 1 1
Bicrg =0 Brer<ar = > =3 (1 - ;) Bys3r = >

Make a table of values (see figure at right).

Check the concavity of any tricky terms.
The middle field is tricky.
Two derivatives of the constant terms will drop out.

The sign is thus determined by two derivatives of the — % term.
The second derivative is negative...this implies concave down.

B (in units of y41/27R)

1
r (in units of R) | B (in units of uL)
2nR
0
1
2 -=02
2 0.250
1
3 ==0.333
3
1
4 -=02
2 0.250

035 o [ P o o o T o :

0.3

0.25

0.2

0.15

0.1

0.05

3 r (in units of R)

2.5

4



29.26
a) We know the units of a function are “no units”.
Checking units of the current density formula gives

1 = [allr][e~*"]

A
— = [a] - m * (no units)

m2
A
[a] = m3
We also know the units of the argument of a function are “no units”.

This implies
[—Br] = no units
The minus sign has no effect on the units; said another way: [—1] = no units.

[B1[r] = no units
no units

1=~
1

m

(B] =

b) For a uniform distribution of current one knows J = ;“’—m’...but this wire has NON-UNIFORM current density.
total

Use

outer radius

Liotar = f JdA
inner radius

R
Lotar = f (are=F") 2mr dr
0

R
Liotal = Znaf r2e P dr
0

From the integral table, this one looks good if we set a = —f:
2

fxz e™ dx = e <x___2x+_2)
273
a a a

_px x2 2x 2\[f
Itotar = 2ma |e A
0

At first glance it appears total current might be negative...yikes!

Have patience and be sure to use both limits. ..

I =Zﬂa{e‘ﬁR(—R—z—ﬁ—E)_e—0<_0_2_£_£)}
total B Bz ﬁ?’ B ﬁz ﬂ?’

2 _o(R* 2R 2
Liotar = 2T E—e F'FF‘FE
We see the size of total current can be positive (as it should be) if

2> —BR<R2+2R+2)
Zse e A
B3 B B* B

c) If the field at P points to the left, current in the wire must run INTO the page. Verify with the right hand rule.



d) Outside the wire (r > R) we know

B(ZT[T') = Uolenciosea

B(an) = #oltoml

et (5212
T>R2 e\ B TR

2 R?> 2R 2
B - uoa{ﬁ_em@ = ﬁ_)}

BQ2nr) = polenciosea

Inside the wire (r < R) we know

T
B(2nr) = ,uOZnaf r2e P dr
0

Notice the upper limit has changed.
From here | think you can do the rest of this part on your own.
e) I’ll get to this plot when I have time. This one is nasty enough it is worth using a computer.

f) The question asks for the radius at which current density begins to decrease.
Take the derivative and set it equal to zero!

d
_ -Br —
are =0
dr
Constants out front won’t affect the result.
d
—pr —
—re =0
dr

e P — Bre=Fr =0
e Fr1-pr)=0
One finds r = % is the special radius.

It would be interesting to test if total current can be positive when rgpeciqr = < R by plugging in R = mto Liotal-



29.27

r<a

B,.q=0

a<r< 2a

Ay
Bacreaamr = pol (A mp)
Tot

uol (12 —a?
Ba<r<2a = ﬁ 3a2

Current is running into the page (for the inner shell)

— lloI r—a _~
Bicr<2a = m( 3a2 )(_9)

2a<r<3a

B2nr = pyl

— ol , .
Bjacr<sa = ﬁ (—0)

3a<r<4a

B3a<r<4a = Binner shell + Bouter shell

Since we are outside the inner shell,

;1 I
inner shell = 0 ( 9)

=]

Since we are inside the outer shell

Ay
Bouter sheu2mr = Uol (A mp)
Tot

pol (1% —9a?
Bouter sheu = _<—

2nr 7a?

Current is running out of the page (for the outer shell)

wol (17 —9a
Boute‘rshell:ﬁ< 7 a2 )( 9)

Adding together gives

B3a<r<4a = aner shell + Bouter shell

— Uol ~ Uol
B3a<r<aa =#(_9) : < 7a2 )(+9)

2nr

_ uol (1% —
B3a<r<4a = 21'[1‘( 7a_2 ) (+0)

r>4a

Outside of both shells
lenciosea =1 + 1, =0

Remember: one adds currents like vectors...even though current is not a

vector. Physics is fun!
Br>4a =0

Plot of field VECTOR is on the next page...




B (in units of z41/27R)
l

********************** B Sttt Bttt ittt bttt Sttt bttt
1 1 1

0

5r (in units of R)

-0.2
-0.3

-0.4

-0.5

To plot field MAGNTIUDE, take the absolute value of every point on the curve.

One sees the field magnitude plot would look like this one flipped upside down.

Going further: what would be different if the outer wire had twice the current of the inner wire?
Solutions on the next page...

Try to do it without looking...



Going further: what would be different if the outer wire had twice the current of the inner wire?

If we assumed the outer shell had twice the current...

r<a

Outer shell has no effect on this region, result unchanged.

B,.,=0

a<r< 2a

Outer shell has no effect on this region, result unchanged.

Ba<r<2a -

N lloI TZ —_ az _~
m( 3@ >(“’)

2a<r<3a

Outer shell has no effect on this region, result unchanged.

. wol ,
Bra<r<za = # (_9)

3a<r<4a

BBa<r<4a = Binner shell + Bouter shell

~ ol . - Uol (1% —9a? ~
Buucresa = o (-0) + 2425 (25 (+0)

BSa<r<4a =

wol [ 1% —9a? _
2nr (2 7a2 1 (+0)

r>4a

Outside of both shells
lenciosea =1 + 15
Lonciosea = I (into page) + 21(out of page)
Ienciosea = I(out of page)

wol .
Br>4a = 2—1(_;7‘ (+0)

B (in units of y4l/27R)

0.3
0.2
0.1
0
-0.1
-0.2
-0.3
-0.4
-0.5

¢ (in units of R)



